We examine the total cross section of virtual photons on protons, σ γ * p (W 2 , Q 2 ), at low x ∼ = Q 2 /W 2 ≪ 1 and its connection with "elastic" diffractive production
Introduction
A widely accepted picture of deep inelastic electron scattering on nucleons at low values of x ∼ = Q 2 /W 2 ≪ 1, in terms of the virtual forward Compton amplitude, is based on the two-gluon exchange dynamical mechanism [1] depicted in fig. 1 .
The two-gluon exchange mechanism was evaluated [2] in momentum space and its representation [2] in transverse position space [3] became known as the colordipole approach [2] : taking into account the low-x kinematics, the photon in fig. 1 virtually dissociates into acolor dipole that subsequently undergoes diffractive forward scattering on the proton. In the present work, we examine the question of which spins of thesystem contribute to the forward scattering process (qq)p → (qq)p in the Compton amplitude. It comes without surprise that we find that the process exclusively proceeds via the forward scattering of J = 1 (i.e. vector)states, (qq) J=1 . Our result is only based on the generic structure of the two-gluon exchange in fig. 1 . Obviously, J = 1 is a consequence of the γ *transition that only allows for interactions of J = 1 states, (qq) J=1 p → (qq) J=1 p. The relevance of only (qq) J=1 states is most transparently expressed in terms of a sum rule that relates the total virtual photoabsorption cross section to diffractive forward production (compare fig. 2 )
T,L p. The sum rule to be given in the present paper coincides with the one obtained in ref. [4] under more restrictive assumptions [5] on theinteraction with the proton corresponding to the lower vertices in fig. 1 . In the present work, no specific ansatz for the gluon-gluon-pp interaction is introduced, and, in addition, the structure of the previously adopted ansatz [5] is recognized as a realization, without much loss of generality, of the underlying (qq) J=1 p → (qq) J=1 p interaction. The emerging picture of deep inelastic scattering at low x coincides with the one of generalized vector dominance (GVD) [6, 7] 1 from the pre-QCD era;
generalized vector dominance is obtained as a consequence of the two-gluon exchange generic structure from QCD. As previously stressed [9] , it is precisely the gauge-theory structure underlying the two-gluon interaction with its change in sign between the different contributions in fig. 1 that is responsible for the consistency of GVD. This structure, in terms of cancellations between diagonal and off-diagonal transitions, was anticipated [9, 10] by off-diagonal GVD [7] .
The present work clarifies the connection between the total cross section and diffractive production as observed [11] at HERA: the total cross section,
, is quantitatively related to the amplitudes of "elastic" diffrac-
T,L p, via the above-mentioned sum rule. "Inelastic" diffraction, γ hadron-hadron interactions) constitutes an additional important contribution to diffractive production, in particular for high invariant masses of the states produced. Inelastic diffraction is irrelevant, however, with respect to the total cross section. It is (obviously) only the elastic component of diffractive production that enters the forward Compton amplitude.
Fits to the experimental data for
were frequently based [12, 13, 14] on an ansatz for the color-dipole cross section in transverse position space that did not incorporate the restriction to (qq)
J=1
states. Since only (qq) J=1 states contribute to the scattering, while all others, (qq) J =1 , yield vanishing contributions, the latter ones implicitly remained undetermined in the fits to σ γ * p (W 2 , Q 2 ). This lack of restrictions on the amplitudes
p is presumably the reason for widely differing results [15] on the dipole cross section that were extracted from the fits. Dropping the redundant J = 1 terms in fits to the total cross section,
, right from the beginning, most likely will improve the uniqueness of the extracted dipole cross sections. We note that the ansatz of the generalized vector dominance/color dipole picture (GVD/CDP) [5] incorporates the restriction to (qq) J=1 states.
In section 2, we use the conventional formalism of the color-dipole model in transverse position space, in order to show that σ γ * p (W 2 , Q 2 ) is determined by the (qq) J=1 p → (qq) J=1 p forward scattering amplitude, i.e. by the color-dipole cross section for J = 1 color-dipoles originating from the γ * →dissociation.
We show how the redundant amplitudes from scattering into (qq) J =1 states can be eliminated right at the beginning by a slight refinement in the representation of the total cross section in transverse position space.
In section 3, we use the momentum-space representation in order to derive the sum rules that determine the longitudinal and transverse photoabsorption cross
, as integrals over the mass spectra of the diffractively produced vector states.
In section 4, we elaborate on the connection between the dipole cross section and the gluon structure function.
In section 5, we remind the reader of the ansatz [5] for the color-dipole cross section used in the fits to the total cross section in the GVD/CDP.
In section 6, we stress the duality relation between the description of low-x deep inelastic scattering in terms of scattering of (qq) vector states, (qq) J=1 p → (qq) J=1 p, in the GVD/CDP, and a description in terms of γ * gluon scattering, γ * g → γ * g employing the notion of the gluon structure function. The gluon structure function of the GVD/CDP multiplied by α s (Q 2 ) becomes a function of a single variable 1/W 2 = x/Q 2 . For any fixed value of Q 2 , conventional evolution of the structure function breaks down for x < x 0 (Q 2 ) where x 0 (Q 2 ) is calculable in the GDV/CDP. For values of x < x 0 (Q 2 ) "saturation" occurs in the sense of
Conversely, for any fixed x ≪ 0.1, the conventional evolution holds for the gluon structure functions, provided Q 2 is sufficiently large.
A few concluding remarks will be given in section 7.
2 Two-gluon exchange in transverse-positionspace representation and J = 1
The transverse-position-space representation [3, 2] for the total photoabsorption cross section,
and for diffractive forward production,
conveniently summarizes the result of the x ∼ = Q 2 /W 2 → 0 analysis of the twogluon-exchange dynamics. As intuitively suggested by the underlying s-channel point of view, we use the center-of-mass energy W of the photon-proton (equivalently, of the qq-proton) system as a variable in the dipole cross section. The assumed dependence on W 2 proved useful in the representation of the experimental data [5] , as it automatically, and naturally, via W 2 ≃ Q 2 /x, induces scaling violations for the structure function 
where
In (2.3) to (2.5), Q f denotes the quark charge in units of e, α = e 2 /4π the electromagnetic fine-structure constant, and m f denotes the quark mass. The
It is important to emphasize that the justification for the use of the representations (2.1) and (2.2) as the x → 0 limit of the two-gluon-exchange mechanism rests on applying them in conjunction with the representation for the color-dipole cross section given by [2, 5] 6) where by definition
and
The limit of r 2 ⊥ → 0 corresponds to a vanishing interaction strength, due to color neutrality of thecolor-dipole state. The finite limit, σ (∞) , avoids an infinite color-dipole cross section in the limit of infinite quark-antiquark separation 2 , and it guarantees hadronic unitarity, provided σ (∞) is well-behaved for W → ∞.
For the ensuing examination of the spin properties of thestates, it proves useful to introduce the variable 9) and to first of all consider the integral over d 2 r ′ ⊥ of the qq-vacuum-polarization loop by itself. 3 We restrict ourselves to a vanishing quark mass, m f = 0. 4 In terms of r ′ ⊥ from (2.9), we have
The z-dependence in (2.10) and (2.11) that originates from the γ *coupling is immediately seen to be characteristic of the spin J = 1 nature of the photon. It coincides with the angular dependence in therest frame well-known from e.g.
2 It is worth noting that the energy dependence of the color-dipole cross section in the GVD/CDP [5] enters exclusively via a (soft) increase of the gluon-transverse-momentum transfer, l ⊥ , with energy, i.e., viaσ (qq) 
). 3 The relevance of hadronic vacuum polarization for photo-and electroproduction (from nuclei) at low x during the pre-QCD era was stressed in particular by V. Gribov [17] 4 In applying the approach based on (2.1) to the description of the experimental data, it proved useful [5] to return to momentum space and to introduce an effective constituent-quark mass that coincides with the value suggested by quark-hadron duality [18] in e + e − -annihilation. This mass then effectively provides a lower limit in the integration over the mass spectrum of thevector states the photon virtually dissociates into.
we may represent the integrations over dz in (2.1) in terms of cos θ and the
The integrations over dz in (2.1) and (2.2), as far as the photon wave functions are concerned, according to (2.10) and (2.11) can then be written as
In (2.14), we recognize the (1 + cos 2 θ) distribution from e + e − annihilation into qq.
Returning to the virtual photoabsorption cross section (2.1) and introducing
where according to (2.6)
In (2.17), we use 
T,L p, with the proton remain, and (2.16) becomes
According to (2.17) , the cross sections
to the (imaginary parts of the) elastic forward-scattering amplitudes (qq) (2.19) and (2.20) is explicitly given bȳ
5 Actually, we expand the amplitude for (qq) J=1 p → (qq) J p in terms of the spin J of the outgoing (qq) state. This is seen in (2.19) and (2.20) , where
2 ) is multiplied by an appropriate projection factor stemming from the substitution of (2.17) into (2.16). 
is used for the fit [12, 13, 14] 
where according to (2.22) , 
to obtain a unique prediction for "elastic" diffractive forward production
ofvector states. It is diffractive production of vector states that is uniquely connected with the total cross section σ γ * p (W 2 , Q 2 ) at low x. Besides the J = 1 diffractive continuum, via quark-hadron duality [18, 19] , it is vector meson production in particular that is uniquely related to the total cross section σ γ *
Diffractive production in general contains a large part of "inelastic" diffrac-
that remains unconstrained by fits of the dipole cross section to σ γ *
A description of the sum of elastic and inelastic diffractive production according 6 Compare [20] for a treatment of the total cross section and of diffraction based on an elastic and inelastic component.
to (2.2) must contain an additive component in the dipole cross section that is projected to zero and thus remains inert when included in (2.1).
In short, if (2.21) with (2.22) is used to describe the total cross section, a successful description will imply a prediction for elastic diffraction, (2.29). If (2.1) with (2.6) is employed to describe the total cross section by fitting an ansatz for the dipole cross section, it is by no means guaranteed that this fit, when substituted into (2.2), will be relevant for a representation of elastic as well as inelastic diffractive production. After all, as repeatedly stressed, inelastic diffraction re-
. The use of the form (2.1) for the total cross section necessitates a simultaneous fit to both, the total cross section (2.1) and (the sum of elastic and inelastic) diffractive production according to (2.2).
In principle 7 , such a fit will provide a unique color-dipole cross section that in 3 Momentum space representation and sum rule.
The connection between the total cross section and elastic diffraction becomes explicit in terms of a sum rule [4] that relates the total cross section to elastic diffractive forward production.
In momentum space, the x → 0 representation of the total cross section (2.1)
The representation (3.1) is related to the representation in transverse position 7 Since the data on diffraction do not reach the accuracy of the data for σ γ * p , it seems preferable to fit σ γ * p according to (2.21) with (2.22) and compare with elastic diffraction (into continuum states as well as vector-meson production) and subsequently fit inelastic diffraction by introducing an (orthogonal) additive contribution. space (2.1) by the substitution of the photon wave function in momentum space that is given by
with
In (3.1), k ⊥ denotes the transverse momentum of the quark. It is related to the mass, M, of thestate by
where the quark mass m will be put to m = 0 for simplicity. After one angular integration, and upon introducing M 2 as integration variable, via
Here,
The number of quark colors is N c = 3, and R e + e − denotes the cross section for e + e − annihilation, e + e − →→ hadrons, in units of the cross section for
The sum runs over the quark charges, Q f , in units of e. The functions .7) and (3.8) are given by
The z-dependence in (3.7) and (3.8) is identical to the one encountered in transverseposition-space. As in the transverse-position-space treatment, we now use (2.19) and (2.20) and express the transverse and the longitudinal photoabsorption cross section in (3.7) and (3.8), respectively, in terms ofσ
and (2.24). We obtain
The integrations over z in (3.13) and (3.14) can be carried out immediately to yield the factors 2/3 and 1/6, respectively.
The results (3.13) and (3.14) may be conveniently summarized by the substitution rule
to be applied in (3.7) and (3.8). We note that (3.13) and (3.14) are the analogue of the transverse-position-space result (2.21). According to (3.13) and (3.14), the total cross section, σ γ * T,L p (W 2 , Q 2 ), or equivalently the virtual forward Compton
T,L p forward scattering.
We turn to diffractive production and the derivation of the sum rule. We substitute the momentum-space expressions of the photon-wave functions (3.2) to (3.4) into (2.2), as well as the dipole cross section (2.6). Introducing M 2 from (3.5) the cross section for diffractive production, γ *
Upon angular integration, (3.16) for transverse and longitudinal photons respectively, leads to
Finally, we compare (3.17) and (3.18) with (3.7) and (3.8) to obtain the sum rules
Note that the diffractive production cross sections in general involve final states X that contain (qq) J states of arbitrary spin J. The corresponding distribution in z should appear as angular distribution of a quark and an antiquark jet in the rest frame of the (qq) J system. The z-dependent projections in (3.19) and (3.20), according to (2.14) and (2.15), project on J = 1 final states, (qq) J=1 .
We may rewrite (3.19) and (3.20) as
The sum rules (3.21) and (3.22) express the total cross section in terms of elastic
T,L . Explicitly, the diffractive-production cross sections in (3.21) and (3.22) are given by
(3.24)
They are related to (3.17) and (3.18) by the substitution rule (3.15) with subsequent integration over z.
In summary, solely based on the structure of the two-gluon-exchange dynamics of fig. 1 , we derived the sum rules (3.21) and (3.22) . They relate the transverse and longitudinal part of the total photoabsorption cross section to diffractive forward production ofvector states,
T,L . As the two-gluon-exchange dynamics from QCD for DIS at low x can hardly be doubted, the validity of GVD, or the generalized vector dominance/color-dipole picture (GVD/CDP) has thus been established. Conversely, a violation of the sum rules would imply a failure of the generic two-gluon exchange structure 10 that can hardly be imagined.
The gluon structure function
The gluon structure function is quantitatively related to the short-distance behaviour of the color-dipole cross section. Comparing the expression for
in terms of the color-dipole cross section, (2.1), with the one based on the γ * g → γ * g interaction and the gluon-structure function for r 2 ⊥ → 0, one finds [21, 22] 
According to (2.6) to (2.8), we have
Equating (4.2) with (4.1), we find
Alternatively, the gluon structure function may be represented as an integral over Relation (4.4) says that the gluon structure function is related to the interaction 10 "Generic" insofar, as the derivation is independent of the detailed specification of the lower vertices in fig. 1 . of longitudinally polarizedvector states, (qq)
Combining (4.4) with the short-distance expansion of (2.22),
we find
Relation (4.6) is the analogue of (4.1), if the representation (2.21) is used for
. Relations (4.4) and (4.6) explicitly say that the gluon-structure function is determined by the dipole cross section for longitudinally polarizedvector states. Contributions to the dipole cross section describing inelastic
T,L p, are irrelevant as far as the determination of the gluon structure function is concerned.
Finally, we may introduce the unintegrated gluon structure functions
as well as, in terms
The gluon structure function is then given by
The ansatz for the color-dipole cross section in the GVD/CDP
In this section, we briefly remind the reader of the ansatz in the GVD/CDP that fits the experimental data for σ γ * T,L p (W 2 , Q 2 ). It was used in our previous derivation [4] of the sum rules from section 3.
We go back to the Fourier representation of the color-dipole cross section in (2.17) in terms of the variable l ′ ⊥ and to the cross sections for (qq)
J=1
T,L vector states in (2.23) and (2.24). In particular, let us assume the product
to be independent of the variable z. In this case, the integrations over dz in (2.23) and (2.24) can be carried out, and we havē
Substitution of a suitable function f ( l 
T,L p in the forward direction. Our ansatz [5] in the GVD/CDP
has precisely the form (5.1), and according to (5.2), it amounts tō
With respect to transverse position space, from (2.6) or (2.22), we find
As to the meaning of the ansatz (5.3) to (5.5), it is worth noting that it is nothing else but an approximation of the (unknown) distribution in the transverse gluon
The (expected) rise of the effective value of the transverse momentum of the gluons is fitted to the experimental data. In (5.3) and (5.5),
is a slowly increasing function of W 2 parameterized by a power law or a logarithm, We finally give the gluon structure function for the ansatz (5.4). It is given by
express the gluon structure function in terms of the (momentum-space expression for the) color-dipole cross section.
The GVD/CDP prediction of the gluon structure function,
, as a function of a single variable x/Q 2 . For x ∼ < x 0 (Q 2 ), as indicated, the conventional interpretation of the gluon structure function breaks down and "saturation"sets in.
In fig.3 , we show the gluon structure function (5.8) of the GVD/CDP. It has the remarkable property of depending only on the energy W ,
and accordingly, we plot it against
We urge experimentalists to plot the gluon structure function ( multiplied by α s (Q 2 )) they extract from the measured cross sections against x/Q 2 , in order to verify the scaling behavior 11 of fig.3 . In fig.3 ,we also show selected values for the quantity x 0 (Q 2 ). The quantity x 0 (Q 2 ) defines the kinematical boundary of the region of x ∼ < x 0 (Q 2 ) where saturation in the sense of [5] lim
sets in. Saturation (6.3) sets in for η sufficiently small,
where η is the scaling variable,
that determines the behavior of the total photoabsorption cross section [5] σ γ * p (η(W 2 , Q 2 )) = 2α 3π σ The bound x 0 (Q 2 ) falls strongly with increasing Q 2 , since x 0 (Q 2 ) ∼ = 1/Q 4 . The numerical values of x 0 (Q 2 )/Q 2 in fig.3 are based on η 0 = 0.1.
With respect to the interpretation of the transition to saturation, it is useful 12 to substitute the scaling variable (6.5) into the cross section (6.6) and replace Λ 2 (W 2 ) by the gluon structure function (5.7). We obtain, , η ≪ 1, According to (6.8) , the transition to the saturation region (obviously) does not imply that the gluon-structure function ceases to increase with decreasing x.
The onset of saturation depends on Q 2 via x 0 (Q 2 ), and it simply means that the approximation of η ≫ 1 in (6.6) and (6.8) breaks down, and the logarithmic (soft) behavior sets in. Note that the region of η ≫ 1 is the one where the logarithmic derivative of the structure function F 2 = (Q 2 /4π 2 α)σ γ * p (W 2 , Q 2 ) yields the gluon structure function [5] as a result of the evolution equations.
To summarize, saturation does not mean that the gluon structure function ceases to rise. The gluon structure function rises indefinitely for 1/W 2 = x/Q 2 → 0. At any fixed Q 2 , however, for x ∼ < x 0 (Q 2 ), the conventional connection between F 2 and the gluon density breaks down, and saturation in the sense of (6.3) sets in. Alternatively, for any fixed x, however small, the conventional evolution takes place provided Q 2 is sufficiently large.
Conclusion
We end with a brief summary:
i) Quantum chromodynamics, in particular the generic two-gluon-exchange, valid at low x, implies a representation of the total photoabsorption cross section as a sum over the mass spectra of diffractive production of (qq) vector states. In this sense, the generalized vector dominance picture is a consequence of QCD. The GVD/CDP may thus be considered established insofar as its violation would falsify the underlying generic two-gluon-exchange structure -an assumption hardly questionable from all we know about quark and antiquark interactions in QCD.
ii) The kinematic domain of the GVD/CDP, x ∼ < 0.1 and Q 2 arbitrary, including Q 2 = 0, allows one to estimate the kinematic domain where the GVD/CDP and the description in terms of the gluon structure function are dual to each other. Apart from the usual restriction of Q 2 ∼ > Q 2 0 > 0, we find that the duality domain is bounded by x ∼ > x 0 (Q 2 ), where x 0 (Q 2 ) is exceedingly small and decreases strongly with increasing Q 2 . For x ∼ < x 0 (Q 2 ) saturation sets in.
